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THE 2-ADIC VALUATIONS OF STIRLING NUMBERS OF THE
FIRST KIND
MIN QIU AND SHAOFANG HONG∗
Abstract. Let n and k be positive integers. We denote by v2(n) the 2-adic valuation
of n. The Stirling numbers of the first kind, denoted by s(n, k), counts the number of
permutations of n elements with k disjoint cycles. In recent years, Lengyel, Komatsu
and Young, Leonetti and Sanna, and Adelberg made some progress on the p-adic
valuations of s(n, k). In this paper, by introducing the concept of m-th Stirling
numbers of the first kind and providing a detailed 2-adic analysis, we show an explicit
formula on the 2-adic valuation of s(2n, k). We also prove that v2(s(2n+1, k+1)) =
v2(s(2n, k)) holds for all integers k between 1 and 2n. As a corollary, we show that
v2(s(2n, 2n − k)) = 2n − 2 − v2(k − 1) if k is odd and 2 ≤ k ≤ 2n−1 + 1. This
confirms partially a conjecture of Lengyel raised in 2015. Furthermore, we show that
if k ≤ 2n, then v2(s(2n, k)) ≤ v2(s(2n, 1)) and v2(H(2n, k)) ≤ −n, where H(n, k)
stands for the k-th elementary symmetric functions of 1, 1/2, ..., 1/n. The latter one
supports the conjecture of Leonetti and Sanna suggested in 2017.
1. Introduction
Let n and k be nonnegative integers. Define the Pochhammer symbol (x)n by (x)n :=
x(x + 1)(x + 2) · · · (x + n− 1) if n ≥ 1 and (x)n := 1 if n = 0. The Stirling numbers of
the first kind, denoted by s(n, k), counts the number of permutations of n elements with
k disjoint cycles. One can characterize s(n, k) by
(x)n =
n∑
k=0
s(n, k)xk.
The Stirling numbers of the second kind S(n, k) is defined as the number of ways to
partition a set of n elements into exactly k nonempty subsets, and we have
S(n, k) =
1
k!
k∑
i=0
(−1)i
(
k
i
)
(k − i)n.
Divisibility properties of integer sequences have long been objects of interest in number
theory. Many authors studied the divisibility properties of Stirling numbers of the second
kind, see, for example, [2, 3, 5, 7, 10, 13–15,18, 23–25]. But there are few of results on the
divisibility of the Stirling numbers of the first kind in the literature. Actually, unlike
S(n, k), there is no easy way to use an explicit formula for the Stirling numbers of the
first kind. This makes it more difficult to investigate the divisibility properties of s(n, k).
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On the other hand, for any positive integer n and k with n ≥ k, the Stirling numbers
of the first kind is closely related to H(n, k) by the following identity
s(n+ 1, k + 1) = n!H(n, k) (1.1)
(see Lemma 1.1 in [17]), where H(n, k) represents the k-th elementary symmetric func-
tions of 1, 1/2, ..., 1/n, that is,
H(n, k) :=
∑
1≤i1<···<ik≤n
1
i1 · · · ik
.
As usual, for any prime p and for any integer n, we let vp(n) stands for the p-adic valuation
of n, i.e., vp(n) is the biggest nonnegative integer r with p
r dividing n. If x = n1
n2
, where
n1 and n2 are integers and n2 6= 0, then we define vp(x) := vp(n1) − vp(n2). The
integrality problem on H(n, k), studied by Theisinger [21], Nagell [20] and Erdo˝s and
Niven [8], and recently by Chen and Tang [4], Hong and Wang [9] [22] as well as Luo,
Hong, Qian and Wang [19], is close to the p-adic valuation of H(n, k). However, the
well-known Legendre formula about the p-adic valuation of the factorial tells us that
vp(n!) =
n− dp(n)
p− 1
,
where dp(n) represents the base p digital sum of n. Hence the investigation of vp(H(n, k))
is equivalent to the investigation of vp(s(n+ 1, k + 1)).
Let p be a prime and n be a positive integer. In recent years, some progress on p-adic
valuations of s(n, k) were made by several authors. In [16], Lengyel showed that, for
any positive integer k, the p-adic valuation of s(n, k) goes to infinity when n approaches
infinity. Moreover, Lengyel [16] proved that there exists a constant c′ = c′(k, p) > 0 so
that for any n ≥ n0(k, p), one has vp(s(n, k)) ≥ c
′n. This implies that the p-adic valuation
of H(n, k) has a lower bound. Consequently, Leonetti and Sanna [17] conjectured that
there exists a positive constant c = c(k, p) such that
vp(H(n, k)) < −c logn (1.2)
for all large n and confirmed this conjecture for some special cases. Furthermore, if k is
a nonnegative integer and n is of the form n = kpr +m with 0 ≤ m < pr, then Komatsu
and Young proved in [12] that vp(s(n+1, k+1)) = vp(n!)− vp(k!)− kr. Recently, using
the study of the higher order Bernoulli numbers B
(l)
n , Adelberg [2] investigated some
p-adic properties of Stirling numbers of both kinds. These motivate us to further study
the p-adic valuation of s(n, k). In this paper, we are mainly concerned with the 2-adic
valuation of the Stirling numbers of the first kind.
We refer the readers to [10, 13–15, 23–25] on some results on the 2-adic valuation of
S(n, k). In 1994, Lengyel [13] conjectured, proved by Wannemacker [23] in 2005, the 2-
adic valuation of S(2n, k) equals d2(k)− 1. However, one finds that the 2-adic valuation
of s(2n, k) is much more complicated than the second kind case. Lengyel [16] proved that
v2(2
n, 2)) = 2n − 2n and v2(2
n, 3)) = 2n − 3n + 3. Komatsu and Young [12] used the
theory of Newton polygon to show that v2(s(2
n, 2m)) = 2n − 2m(n−m+ 1) with n and
m being positive integers and n ≥ m. In this paper, by introducing the concept of m-th
Stirling numbers of the first kind and supplying a detailed 2-adic analysis, we are able
to evaluate v2(s(2
n, k)). Evidently, v2(s(2, 1)) = v2(s(2, 2)) = v2(s(2
n, 2n)) = v2(1) = 0
and v2(s(2
n, 2n − 1)) = v2(
(
2n
2
)
) = n − 1. Now let n and i be integers with n ≥ 2 and
1 ≤ i ≤ 2n − 2. Then one can write i = 2m − k for (m, k) ∈ Tn, where
Tn := {(m, k) : 2 ≤ m ≤ n, 2 ≤ k ≤ 2
m−1 + 1,m, k ∈ Z}.
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For any given real number y, by ⌊y⌋ and ⌈y⌉ we denote the largest integer no more than
y and the smallest integer no less than y, respectively. We can now state the first main
result of this paper as follows.
Theorem 1.1. For any integer n,m and k such that 2 ≤ m ≤ n and 2 ≤ k ≤ 2m−1 +1,
we have
v2(s(2
n, 2m − k)) = 2n − 2m − (n−m)
(
2m − 2
⌊k
2
⌋)
+m− 2− v2
(⌊k
2
⌋)
+ (n− 1)ǫk,
(1.3)
where ǫk = 0 if k is even, and ǫk = 1 if k is odd.
For the Stirling numbers of the second kind, Hong, Zhao and Zhao [10] confirmed a
conjecture of Amdeberhan, Manna and Moll [3] raised in 2008 by showing that
v2(S(2
n + 1, k + 1)) = v2(S(2
n, k)).
By using Theorem 1.1, we establish the following similar result for the Stirling numbers
of the first kind which is the second main result of this paper.
Theorem 1.2. For any positive integer n and k such that k ≤ 2n, we have
v2(s(2
n + 1, k + 1)) = v2(s(2
n, k)). (1.4)
Lengyel proved in [16] that, for any prime p, any integer a ≥ 1 with (a, p) = 1, and
any even k ≥ 2 with the condition
∃n1 : n1 > 3 logp k + logp a such that vp(s(ap
n1 , apn1 − k)) < n1 (1.5)
or k = 1 with n1 = 1, then for n ≥ n1 one has
vp(s(ap
n+1, apn+1 − k)) = vp(s(ap
n, apn − k)) + 1.
Meanwhile, Lengyel believed that (1.5) holds for all even k ≥ 2. Furthermore, for any
odd k ≥ 3, Lengyel conjectured in [16] that, for any integer n ≥ n1(p, k) with some
sufficiently large n1(p, k), one has
vp(s(ap
n+1, apn+1 − k)) = vp(s(ap
n, apn − k)) + 2. (1.6)
Now letting m = n, Theorem 1.1 gives us the following result.
Corollary 1.3. For any integer n and k such that n ≥ 2 and 2 ≤ k ≤ 2n−1+1, we have
v2(s(2
n, 2n − k)) =
{ n− 1− v2(k) if 2 | k,
2n− 2− v2(k − 1) if 2 ∤ k.
Evidently, Corollary 1.3 infers that when p = 2 and a = 1 with n1 ≥ ⌈log2 k⌉ + 1,
Condition (1.5) always holds for all even k ≥ 2 and Conjecture (1.6) is true. We point
out that there are two typos in equality (3.7) and the one below (3.8) in [16], where n+1
should read as n.
Another consequence of Theorem 1.1 is the following interesting result.
Corollary 1.4. For any positive integer n and k such that k ≤ 2n, we have
v2(s(2
n, k)) ≤ v2(s(2
n, 1)). (1.7)
From Theorem 1.2 and Corollary 1.4, we can derive an upper bound for v2(H(2
n, k))
as follows.
Corollary 1.5. For any positive integer n and k such that k ≤ 2n, we have
v2(H(2
n, k)) ≤ −n. (1.8)
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Clearly, Corollary 1.5 confirms partially Conjecture (1.2) that is due to Leonetti and
Sanna and raised in [17].
This paper is organized as follows. First of all, in the next section, we introduce the
concept of the m-th Stirling numbers of the first kind and reveal some useful properties
of Stirling numbers of the first kind. Subsequently, we prove Theorem 1.1 in Section 3,
and show Theorem 1.2 in Section 4. Finally, the proofs of Corollaries 1.4 and 1.5 are
presented in the last section.
2. Auxiliary results on Stirling numbers of the first kind
Let n and k be positive integers. Some basic identities involving Stirling numbers of
the first kind can be listed as follows (see [6]):
s(n+ 1, k) = ns(n, k) + s(n, k − 1), s(n, 0) = 0, s(n, k) = 0 if k ≥ n+ 1,
s(n, 1) = (n− 1)!, s(n, n) = 1, s(n, n− 1) =
(
n
2
)
,
s(n, 2) = (n− 1)!
n−1∑
k=1
1
k
and s(n, n− 2) =
1
4
(3n− 1)
(
n
3
)
if n ≥ 2.
The following lemma can be derived from the general formula for Stirling numbers of
the first kind in terms of harmonic numbers and the Pochhammer symbol.
Lemma 2.1. [1] Let n and k be positive integers. If n+ k is odd, then
s(n, k) =
1
2
n∑
i=k+1
s(n, i)
(
i− 1
i− k
)
ni−k(−1)n−i.
Now for any nonnegative integer m, we introduce the concept of the m-th Stirling
numbers of the first kind, denoted by sm(n, k) which are defined by the following identity:
(x+m)n = (x+m)(x+m+ 1) · · · (x+m+ n− 1) =
n∑
k=0
sm(n, k)x
k,
where n and k are nonnegative integers such that n ≥ k. Clearly, one has s0(n, k) =
s(n, k). Furthermore, we have the following convolution results on sm(n, k) that play a
crucial role in the proof of Theorem 1.1.
Lemma 2.2. Let m, k and n be nonnegative integers. Then
s(m+ n, k) =
k∑
i=0
s(m, i)sm(n, k − i).
Proof. First of all, by the definitions of Stirling numbers of the first kind and of the m-th
Stirling numbers of the first kind, we deduce that
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m+n∑
k=0
s(m+ n, k)xk = x(x + 1) · · · (x+m− 1)(x+m) · · · (x +m+ n− 1)
=
( m∑
i=0
s(m, i)xi
)( n∑
j=0
sm(n, j)x
j
)
=
m∑
i=0
n∑
j=0
s(m, i)sm(n, j)x
i+j
=
m+n∑
k=0
( ∑
i+j=k
s(m, i)sm(n, j)
)
xk
=
m+n∑
k=0
( k∑
i=0
s(m, i)sm(n, k − i)
)
xk.
Then comparing the coefficients of xk on both sides gives us the desired result. 
Lemma 2.3. Let m, k and n be nonnegative integers. Then
sm(n, k) =
n∑
i=k
s(n, i)
(
i
i− k
)
mi−k.
Proof. Using the definitions of sm(n, k) and s(n, k) and noticing that s(n, 0) = 0, we
obtain that
n∑
k=0
sm(n, k)x
k = (x+m)(x +m+ 1) · · · (x+m+ n− 1)
=
n∑
i=0
s(n, i)(x+m)i
=
n∑
i=0
s(n, i)
( i∑
k=0
(
i
k
)
xkmi−k
)
=
n∑
k=0
( n∑
i=k
s(n, i)
(
i
k
)
mi−k
)
xk.
One then compare the corresponding coefficients on both sides to get the required result.
So Lemma 2.3 is proved. 
Obviously, sm(n, k) ≡ s(n, k) (mod m) if m is a positive integer. In particular, we
can deduce the following result.
Lemma 2.4. Let n be an integer with n ≥ 2. If (1.3) holds for all positive integers m
and k with (m, k) ∈ Tn, then for any integer t with 1 ≤ t ≤ 2
n, we have
v2(s2n(2
n, t)) = v2(s(2
n, t)) (2.1)
and
v2(s2n(2
n, t)− s(2n, t)) ≥ v2(s(2
n, t)) + 2. (2.2)
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Proof. The case with t = 2n is clearly true, since s2n(2
n, 2n) = s(2n, 2n) = 1.
If t = 2n − 1, then
s(2n, t) = s(2n, 2n − 1) =
(
2n
2
)
= 2n−1(2n − 1). (2.3)
By Lemma 2.3, one derives that
s2n(2
n, t) = s2n(2
n, 2n − 1) = s(2n, 2n − 1) + s(2n, 2n)2n
(
2n
1
)
= 2n−1(2n − 1) + 22n = 2n−1(3× 2n − 1). (2.4)
Thus by (2.3) and (2.4) and noticing that n ≥ 2, we arrive at
v2(s2n(2
n, t)) = v2(s(2
n, t)) = v2(s(2
n, 2n − 1)) = n− 1
and
v2(s2n(2
n, t)− s(2n, t)) = v2(2
2n) = 2n ≥ n− 1 + 3 = v2(s(2
n, t)) + 3
as expected. Hence (2.1) and (2.2) are true when t = 2n and t = 2n − 1.
In what follows, we let 1 ≤ t ≤ 2n − 2. Then one may write t := 2m − k for some
(m, k) ∈ Tn. Since (1.3) holds for m and k, we have
v2(s(2
n, t)) = v2(s(2
n, 2m − k))
= 2n − 2m − (n−m)
(
2m − 2
⌊k
2
⌋)
+m− 2− v2
(⌊k
2
⌋)
+ (n− 1)ǫk, (2.5)
with ǫk = 0 when k is even, and ǫk = 1 when k is odd.
Again, by Lemma 2.3, one can write
s2n(2
n, t) = s(2n, t) + L, (2.6)
where
L =
2n∑
i=t+1
Li and Li = s(2
n, i)2n(i−t)
(
i
i− t
)
. (2.7)
For any integer i with t+ 1 ≤ i ≤ 2n, let ∆i := v2(Li)− v2(s(2
n, t)). We claim that
∆i ≥ 2. (2.8)
Then from this claim, one can deduce that v2(Li) ≥ v2(s(2
n, t)) + 2. Hence
v2(s2n(2
n, t)− s(2n, t)) = v2(L) = v2
( 2n∑
i=t+1
Li
)
≥ min
t+1≤i≤2n
{v2(Li)} ≥ v2(s(2
n, t)) + 2
(2.9)
as (2.2) asserted. Furthermore, by (2.6), (2.9) and using the isosceles triangle principle
(see, for example, [11]), we derive that
v2(s2n(2
n, t)) = v2(s(2
n, t) + L) = v2(s(2
n, t))
as (2.1) required. So to finish the proof of Lemma 2.4, it remains to show claim (2.8),
which will be done in what follows.
THE 2-ADIC VALUATIONS OF STIRLING NUMBERS OF THE FIRST KIND 7
First of all, if i = 2n, then s(2n, 2n) = 1. So it follows from (2.7) and (2.5) that
∆i
=v2(L2n)− v2(s(2
n, t))
≥v2
(
s(2n, 2n)2n(2
n−t)
)
− v2(s(2
n, t)) = n(2n − t)− v2(s(2
n, t)) (2.10)
=(n− 1)2n − (m− 1)2m + n
(
k − 2
⌊k
2
⌋)
+m
(
2
⌊k
2
⌋
− 1
)
+ v2
(⌊k
2
⌋)
− (n− 1)ǫk + 2
≥n
(
k − 2
⌊k
2
⌋)
+m
(
2
⌊k
2
⌋
− 1
)
+ v2
(⌊k
2
⌋)
− (n− 1)ǫk + 2
≥4 (2.11)
since t = 2m − k, n ≥ m ≥ 2, k ≥ 2, ǫk = 0 if k is even and ǫk = 1 if k is odd, and also
notice that if k is odd, then ⌊k2⌋ =
k−1
2 and k ≥ 3. Hence (2.8) is proved when i = 2
n.
Consequently, if i = 2n − 1, then by (2.7), (2.5), (2.3), (2.10) and (2.11) one obtains
that
∆i = v2(L2n−1)− v2(s(2
n, t)) ≥ v2
(
s(2n, 2n − 1)2n(2
n−t−1)
)
− v2(s(2
n, t))
= v2(s(2
n, 2n − 1)) + n(2n − t− 1)− v2(s(2
n, t))
= n(2n − t)− v2(s(2
n, t))− 1
≥ 3.
Thus claim (2.8) is true when i = 2n − 1.
Finally, we let t + 1 ≤ i ≤ 2n − 2 with t = 2m − k. Then we have the following
partition:
[2m − k + 1, 2n − 2] ∩ Z = V ∪
( n⋃
l=m+1
[2l−1 − 1, 2l − 1) ∩ Z
)
,
where V = [2m − k+1, 2m − 1)∩ Z if k > 2, and V is empty if k = 2. Then one may let
i := 2l − j for some (l, j) ∈ Tn with l ≥ m. Notice that 2 ≤ j ≤ k − 1 if l = m. Then by
the definitions of ∆i and Li, one gets that
∆i = v2(Li)− v2(s(2
n, t))
= v2
(
s(2n, i)2n(i−t)
(
i
i− t
))
− v2(s(2
n, t))
≥ v2
(
s(2n, 2l − j)2n(2
l−j−2m+k)
)
− v2(s(2
n, 2m − k))
= v2(s(2
n, 2l − j)) + n(2l − j − 2m + k)− v2(s(2
n, 2m − k)) := Dj,k. (2.12)
We divide the proof into the following two cases:
Case 1. j is even. Then with m replaced by l and k by j, (1.3) gives us that
v2(s(2
n, 2l − j)) = 2n − 2l − (n− l)(2l − j) + l − 1− v2(j), (2.13)
where m ≤ l ≤ n, 2 ≤ j ≤ 2l−1 and 2 ≤ j ≤ k − 1 if l = m. Now one considers the
following two subcases.
Case 1.1. k is even. By (2.5) one knows that
v2(s(2
n, 2m − k)) = 2n − 2m − (n−m)(2m − k) +m− 1− v2(k).
Then together with (2.12) and (2.13) we obtain that
Dj,k = (l − 1)2
l − (m− 1)2m +m(k − 1)− l(j − 1) + v2(k)− v2(j). (2.14)
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If l = m, then k − j ≥ 1 and 2 ≤ j ≤ 2m−1, and it follows from both of k and j are
even that k − j ≥ 2, thus by (2.14) one can deduce that
Dj,k = m(k − j) + v2(k)− v2(j) ≥ 2m+ v2(k)− (m− 1) = m+ v2(k) + 1 ≥ 4 (2.15)
since m ≥ 2 and k is even.
If l ≥ m+ 1, then by k ≥ 2 and 2 ≤ j ≤ 2l−1 and (2.14) we have
Dj,k ≥ (l − 1)2
l − (m− 1)2m +m− l(2l−1 − 1) + v2(k)− (l − 1)
= (l − 2)2l−1 − (m− 1)2m +m+ v2(k) + 1
≥ m+ v2(k) + 1 ≥ 4. (2.16)
Hence it follows from (2.12) and (2.15) and (2.16) that ∆i ≥ Dj,k ≥ 4 when both of j
and k are even. Therefore, claim (2.8) is proved in this case.
Case 1.2. k is odd. Then k ≥ 3 and k − 1 is even. Again, by (2.5) one has
v2(s(2
n, 2m − k)) = 2n − 2m − (n−m)
(
2m − 2
⌊k
2
⌋)
+m− 2− v2
(⌊k
2
⌋)
+ (n− 1)
= 2n − 2m − (n−m)(2m − (k − 1)) +m− 2− v2
(k − 1
2
)
+ (n− 1)
= v2(s(2
n, 2m − (k − 1))) + n− 1. (2.17)
If l = m with (k − 1)− j ≥ 1 namely k − j ≥ 2 or l ≥ m+ 1, since k− 1 is even, then
one can apply Case 1.1 to the case k − 1 and get that
v2(s(2
n, 2l − j)) + n(2l − j − 2m + k − 1)− v2(s(2
n, 2m − (k − 1))) = Dj,k−1 ≥ 4.
(2.18)
So, by (2.12) together with (2.17) and (2.18), we derive that
∆i ≥ v2(s(2
n, 2l − j)) + n(2l − j − 2m + k)− v2(s(2
n, 2m − k))
= v2(s(2
n, 2l − j)) + n(2l − j − 2m + k − 1)− v2(s(2
n, 2m − (k − 1))) + 1
= Dj,k−1 + 1 ≥ 5.
On the other hand, if l = m and k − j = 1, then i = 2m − k + 1 is even. Thus, by
(2.7) and (2.17) we have
∆i = ∆2m−k+1 = v2(L2m−k+1)− v2(s(2
n, 2m − k))
= v2
(
s(2n, 2m − k + 1)2n
(
2m − k + 1
1
))
− v2(s(2
n, 2m − k))
= v2(s(2
n, 2m − (k − 1))) + v2(2
m − k + 1)− v2(s(2
n, 2m − (k − 1))) + 1
= v2(2
m − k + 1) + 1 ≥ 2.
Hence, claim (2.8) is proved in this case.
Case 2. j is odd. Then j ≥ 3 and j − 1 is even, with m replaced by l and k by j in
(2.17), one gets that
v2(s(2
n, 2l − j)) = v2(s(2
n, 2l − (j − 1))) + n− 1. (2.19)
Applying Case 1 to j − 1 also tells us that, if l = m with k − (j − 1) ≥ 2 or l ≥ m + 1
then
v2(s(2
n, 2l − (j − 1))) + n(2l − (j − 1)− 2m + k)− v2(s(2
n, 2m − k)) = Dj−1,k ≥ 4.
(2.20)
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Since one has m ≤ l ≤ n and k − j ≥ 1 when l = m, then it is clear that either l = m
with k − (j − 1) ≥ 2 or l ≥ m+ 1. Thus, by (2.12), (2.19) and (2.20), one obtains that
∆i ≥ v2(s(2
n, 2l − j)) + n(2l − j − 2m + k)− v2(s(2
n, 2m − k))
= v2(s(2
n, 2l − (j − 1))) + n(2l − (j − 1)− 2m + k)− v2(s(2
n, 2m − k))− 1
= Dj−1,k − 1 ≥ 3
as (2.8) claimed.
This finishes the proof of Lemma 2.4. 
For integers n and i such that n ≥ 2 and 1 ≤ i ≤ 2n−1, the following lemma reveals a
connection between v2(s(2
n, 2i− 1)) and v2(s(2
n, 2i)).
Lemma 2.5. Let n be an integer with n ≥ 2. If (1.3) holds for all integers m and even
k with (m, k) ∈ Tn, then for any integer i with 1 ≤ i ≤ 2
n−1, we have
v2(s(2
n, 2i− 1)) = v2(s(2
n, 2i)) + n− 1.
Proof. By setting i = 2n−1−t, we know that showing the truth of Lemma 2.5 is equivalent
to show that
v2(s(2
n, 2n − 2t− 1)) = v2(s(2
n, 2n − 2t)) + n− 1 (2.21)
holds for all integers t with 0 ≤ t ≤ 2n−1 − 1. To prove this, we use induction on
the integer t. Clearly, (2.21) is true when t = 0, since v2(s(2
n, 2n − 1)) = n − 1 and
v2(s(2
n, 2n)) = 0. Now let 1 ≤ t ≤ 2n−1 − 1. Assume that (2.21) is true for all integers
e with 0 ≤ e ≤ t− 1. In the following we prove that (2.21) holds for the integer t.
Replacing n by 2n and k by 2n − 2t− 1 in Lemma 2.1, we get that
s(2n, 2n − 2t− 1) =
1
2
2n∑
i=2n−2t
s(2n, i)
(
i− 1
i− 2n + 2t+ 1
)
2n(i−2
n+2t+1)(−1)2
n−i
= (2n − 2t− 1)2n−1s(2n, 2n − 2t) + 2n−1L, (2.22)
where L =
∑2n
i=2n−2t+1 Li and
Li = s(2
n, i)
(
i− 1
i− 2n + 2t+ 1
)
2n(i−2
n+2t)(−1)2
n−i. (2.23)
For any integer i with 2n − 2t+1 ≤ i ≤ 2n, one can always write i = 2n − 2t+ 2r− 1
or i = 2n − 2t+ 2r for an integer r with 1 ≤ r ≤ t. Then 0 ≤ t − r ≤ t − 1. So by the
induction assumption, one derives that
v2(s(2
n, 2n− 2t+2r− 1)) = v2(s(2
n, 2n− 2(t− r)− 1)) = v2(s(2
n, 2n− 2(t− r)))+n− 1,
which implies immediately that
v2(s(2
n, 2n − 2t+ 2r − 1)2n(2r−1)) = v2(s(2
n, 2n − 2t+ 2r)22nr)− 1. (2.24)
Hence for any integer r with 1 ≤ r ≤ t, if it holds that
v2(s(2
n, 2n − 2t+ 2r)22nr) ≥ v2(s(2
n, 2n − 2t)) + 4, (2.25)
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then by (2.23) to (2.25), one can deduce
v2(L) = v2
( 2n∑
i=2n−2t+1
Li
)
≥ min
2n−2t+1≤i≤2n
{v2(Li)}
≥ min
2n−2t+1≤i≤2n
{v2(s(2
n, i)2n(i−2
n+2t))} ≥ v2(s(2
n, 2n − 2t)) + 3.
It infers that
v2(2
n−1L) > v2((2
n − 2t− 1)2n−1s(2n, 2n − 2t)).
Thus by (2.22) and using the isosceles triangle principle, one arrives at
v2(s(2
n, 2n − 2t− 1)) = v2((2
n − 2t− 1)2n−1s(2n, 2n − 2t)) = v2(s(2
n, 2n − 2t)) + n− 1
as desired. So to finish the proof of Lemma 2.5, it remains to show that (2.25) is true.
This will be done in what follows.
Since 2 ≤ 2n− 2t ≤ 2n− 2, one can write 2n− 2t = 2m− k for some (m, k) ∈ Tn with
k being even. Then by (1.3), one gets that
v2(s(2
n, 2m − k)) = 2n − 2m − (n−m)(2m − k) +m− 1− v2(k). (2.26)
Note that 2n − 2t+ 2 ≤ 2n − 2t+ 2r ≤ 2n since 1 ≤ r ≤ t. If 2n − 2t+ 2r = 2n, then
s(2n, 2n − 2t+ 2r) = s(2n, 2n) = 1 and 2r = 2t = 2n − 2m + k. Thus by (2.26), together
with 2 ≤ m ≤ n, k ≥ 2 and k being even, one deduces that
v2(s(2
n, 2n − 2t+ 2r)22nr)− v2(s(2
n, 2n − 2t)) = n(2n − 2m + k)− v2(s(2
n, 2m − k))
= (n− 1)2n − (m− 1)2m +m(k − 1) + v2(k) + 1 ≥ m+ v2(k) + 1 ≥ 4.
Hence (2.25) is true in this case.
If 2n− 2t+2 ≤ 2n− 2t+2r ≤ 2n− 2, then as in the proof of Lemma 2.4, one may let
2n− 2t+2r := 2l− j for some (l, j) ∈ Tn with j being even. However, 2
n− 2t = 2m− k.
Hence l ≥ m and 2r = 2l− j− (2n−2t) = 2l− j−2m+k, also notice that 2r = k− j ≥ 2
if l = m and both of j and k are even. Then as the derivation of (2.12), (2.15) and (2.16),
one can obtain that
v2(s(2
n, 2n − 2t+ 2r)22nr)− v2(s(2
n, 2n − 2t))
= v2(s(2
n, 2l − j)2n(2
l−j−2m+k))− v2(s(2
n, 2m − k))
= v2(s(2
n, 2l − j)) + n(2l − j − 2m + k)− v2(s(2
n, 2m − k)) = Dj,k ≥ 4
as (2.25) expects. So (2.25) is proved.
This completes the proof of Lemma 2.5. 
3. Proof of Theorem 1.1
In this section, we present the proof of Theorem 1.1.
Proof of Theorem 1.1. We prove Theorem 1.1 by induction on n ≥ 2.
First, let n = 2. Then m = 2 and k ∈ {2, 3}. Since v2(s(2
2, 22 − 2)) = v2(11) = 0
and v2(s(2
2, 22 − 3)) = v2(6) = 1, (1.1) is true when n = 2. So Theorem 1.1 holds for
the case n = 2. Assume that Theorem 1.1 is true for the n case with n ≥ 2. Then (1.3)
holds for all (m, k) ∈ Tn.
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Now we prove Theorem 1.1 for the n+ 1 case. Namely, we have to show that for all
(m, k) ∈ Tn+1, one has
v2(s(2
n+1, 2m − k)) = 2n+1 − 2m − (n−m+ 1)
(
2m − 2
⌊k
2
⌋)
+m− 2− v2
(⌊k
2
⌋)
+ nǫk,
(3.1)
where ǫk = 0 if k is even, and ǫk = 1 if k is odd. This will be done in what follows.
Let (m, k) ∈ Tn+1. If we can show that (3.1) holds for all even integers k with
2 ≤ k ≤ 2m−1, then (3.1) is true for all odd integers k with 3 ≤ k ≤ 2m−1 + 1. Actually,
let k be an odd integer. Then k − 1 is even and 2 ≤ k − 1 ≤ 2m−1. So by (3.1), one
obtains that
v2(s(2
n+1, 2m − (k − 1)))
= 2n+1 − 2m − (n−m+ 1)
(
2m − 2
⌊k − 1
2
⌋)
+m− 2− v2
(⌊k − 1
2
⌋)
= 2n+1 − 2m − (n−m+ 1)(2m − (k − 1)) +m− 2− v2
(k − 1
2
)
= 2n+1 − 2m − (n−m+ 1)
(
2m − 2
⌊k
2
⌋)
+m− 2− v2
(⌊k
2
⌋)
. (3.2)
But Lemma 2.5 tells us that
v2(s(2
n+1, 2m − k)) = v2(s(2
n+1, 2m − k + 1)) + n. (3.3)
It then follows from (3.2) and (3.3) that
v2(s(2
n+1, 2m − k)) = 2n+1 − 2m − (n−m+ 1)
(
2m − 2
⌊k
2
⌋)
+m− 2− v2
(⌊k
2
⌋)
+ n.
Therefore (3.1) is true for any odd integer k with 3 ≤ k ≤ 2m−1 + 1. So in what follows,
we need just to show that (3.1) is true for all even integers k with 2 ≤ k ≤ 2m−1. It will
be done in the remaining part of the proof.
In what follows, let (m, k) ∈ Tn+1 with k being even, and we will show the truth of
(3.1). Since k is even, showing (3.1) is equivalent to show the following identity:
v2(s(2
n+1, 2m − k)) = Wm,k := 2
n+1 − 2m − (n−m+ 1)(2m − k) +m− 1− v2(k).
(3.4)
Let m = 2, then k = 2 and so by (1.1), we have
s(2n+1, 2m − k) = s(2n+1, 2) = (2n+1 − 1)!H(2n+1 − 1, 1).
Applying the well-known formula v2(H(n, 1)) = −⌊log2 n⌋ with n replaced by 2
n+1 − 1,
one then gets that
v2(s(2
n+1, 2m − k)) = v2(s(2
n+1, 2)) = v2((2
n+1 − 1)!) + v2(H(2
n+1 − 1, 1))
= 2n+1 − 1− (n+ 1)− ⌊log2(2
n+1 − 1)⌋ = 2n+1 − 2n− 2 = W2,2 =Wm,k,
which implies the truth of (3.4) when m = 2.
Now assume that 3 ≤ m ≤ n+ 1. Replacing both of m and n by 2n, k by 2m − k in
Lemma 2.2, one obtains that
s(2n+1, 2m − k) =
2m−k∑
i=1
gk(i),
where
gk(i) := s(2
n, i)s2n(2
n, 2m − k − i).
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Let
S1 :=
∑
i∈A
gk(i), S2 :=
∑
i∈B
gk(i), S3 :=
∑
i∈C
gk(i),
where the sets A,B,C are defined by
A :=


{2m−1, 2m−1 − k} if 2 ≤ k ≤ 2m−2,
{2m−2, 2m − k − 2m−2} if m ≥ 4 and 2m−2 + 2 ≤ k ≤ 2m−1 − 2,
{2m−2} if k = 2m−1
and
B := ([2, 2m − k] ∩ 2Z) \A, C := [1, 2m − k] ∩ (1 + 2Z).
Then
s(2n+1, 2m − k) = S1 + S2 + S3.
We claim that the following statements hold:
(I). v2(S1) = Wm,k.
(II). v2(S2) ≥Wm,k + 1.
(III). v2(S3) ≥Wm,k + 1.
It then follows from the isosceles triangle principle and the claims (I) to (III) that
v2(s(2
n+1, 2m − k)) = v2(S1 + S2 + S3) = v2(S1) = Wm,k
as (3.4) required. So to finish the proof of Theorem 1.1, it remains to show the truth of
the claims (I) to (III).
Proof of claim (I). At first, we prove claim (I): v2(S1) = Wm,k.
If 2 ≤ k ≤ 2m−2, then A = {2m−1, 2m−1 − k} and
S1 = gk(2
m−1) + gk(2
m−1 − k)
= s(2n, 2m−1)s2n(2
n, 2m−1 − k) + s(2n, 2m−1 − k)s2n(2
n, 2m−1).
By Lemma 2.3, one can write s2n(2
n, 2m−1−k) = s(2n, 2m−1−k)+L1 and s2n(2
n, 2m−1) =
s(2n, 2m−1) + L2, where
L1 =
2n∑
i=2m−1−k+1
s(2n, i)2n(i−2
m−1+k)
(
i
i− 2m−1 + k
)
,
and
L2 = 0 if m = n+ 1, L2 =
2n∑
i=2m−1+1
s(2n, i)2n(i−2
m−1)
(
i
i− 2m−1
)
if 3 ≤ m ≤ n.
Then
gk(2
m−1) = s(2n, 2m−1)s(2n, 2m−1 − k) + s(2n, 2m−1)L1, (3.5)
gk(2
m−1 − k) = s(2n, 2m−1)s(2n, 2m−1 − k) + s(2n, 2m−1 − k)L2 (3.6)
and
S1 = 2s(2
n, 2m−1)s(2n, 2m−1 − k) + s(2n, 2m−1)L1 + s(2
n, 2m−1 − k)L2. (3.7)
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Since 3 ≤ m ≤ n+1 and 2 ≤ k ≤ 2m−2, one has 2 ≤ 2m−1−k ≤ 2n−2 and 4 ≤ 2m−1 ≤ 2n.
It then follows from the induction assumption and replacing t by 2m−1 − k and 2m−1 in
Lemma 2.4 that
v2(L1) = v2(s2n(2
n, 2m−1 − k)− s(2n, 2m−1 − k)) ≥ v2(s(2
n, 2m−1 − k)) + 2 (3.8)
and
v2(L2) = v2(s2n(2
n, 2m−1)− s(2n, 2m−1)) ≥ v2(s(2
n, 2m−1)) + 2, (3.9)
respectively. Furthermore, by the induction assumption, we have
v2(s(2
n, 2m−1)) = v2(s(2
n, 2m − 2m−1)) = 2n − 2m − (n−m)2m−1 (3.10)
and
v2(s(2
n, 2m−1 − k)) = 2n − 2m−1 − (n−m+ 1)(2m−1 − k) +m− 2− v2(k). (3.11)
By (3.5), (3.8), (3.10) and (3.11) and using the isosceles triangle principle, one then
deduces that
v2(gk(2
m−1)) = v2(s(2
n, 2m−1)) + v2(s(2
n, 2m−1 − k))
= 2n+1 − 2m − (n−m+ 1)(2m − k) +m− 2− v2(k) = Wm,k − 1.
(3.12)
Likewise, by using (3.6), (3.9) to (3.11) and the isosceles triangle principle, we get that
v2(gk(2
m−1 − k)) = v2(s(2
n, 2m−1)) + v2(s(2
n, 2m−1 − k)) = Wm,k − 1. (3.13)
Moreover, (3.8) together with (3.9) infers that
v2(s(2
n, 2m−1)L1 + s(2
n, 2m−1 − k)L2) > v2(2s(2
n, 2m−1)s(2n, 2m−1 − k)). (3.14)
Hence by (3.7) and (3.14) and again using the isosceles triangle principle, one arrives at
v2(S1) = v2(2s(2
n, 2m−1)s(2n, 2m−1 − k))
= v2(s(2
n, 2m−1)) + v2(s(2
n, 2m−1 − k)) + 1 = Wm,k
as desired. So claim (I) is true when 2 ≤ k ≤ 2m−2.
If 2m−2 + 2 ≤ k ≤ 2m−1 − 2 with 4 ≤ m ≤ n+ 1, then A = {2m−2, 2m − k − 2m−2},
and so
S1 = gk(2
m−2) + gk(2
m − k − 2m−2)
= s(2n, 2m−2)s2n(2
n, 2m − k − 2m−2) + s(2n, 2m − k − 2m−2)s2n(2
n, 2m−2). (3.15)
By Lemma 2.3, we have
s2n(2
n, 2m − k − 2m−2) = s(2n, 2m − k − 2m−2) + L
′
1 (3.16)
and
s2n(2
n, 2m−2) = s(2n, 2m−2) + L
′
2, (3.17)
where
L
′
1 =
2n∑
i=2m−k−2m−2+1
s(2n, i)2n(i−2
m+k+2m−2)
(
i
i− 2m + k + 2m−2
)
and
L
′
2 =
2n∑
i=2m−2+1
s(2n, i)2n(i−2
m−2)
(
i
i− 2m−2
)
.
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Since 2 ≤ 2m−k−2m−2 = 2m−1− (k−2m−2) ≤ 2n−2 and 2 ≤ 2m−2 ≤ 2n−1, in Lemma
2.4, replacing t by 2m − k − 2m−2 and 2m−2, respectively, one gets that
v2(s2n(2
n, 2m − k − 2m−2)) = v2(s(2
n, 2m − k − 2m−2)), (3.18)
v2(L
′
1) = v2(s2n(2
n, 2m − k − 2m−2)− s(2n, 2m − k − 2m−2))
≥ v2(s(2
n, 2m − k − 2m−2)) + 2, (3.19)
and
v2(s2n(2
n, 2m−2)) = v2(s(2
n, 2m−2)), (3.20)
v2(L
′
2) = v2(s2n(2
n, 2m−2)− s(2n, 2m−2)) ≥ v2(s(2
n, 2m−2)) + 2, (3.21)
respectively. It then follows from (3.15) to (3.21) and the isosceles triangle principle that
v2(S1)
= v2(2s(2
n, 2m−2)s(2n, 2m − k − 2m−2) + s(2n, 2m−2)L
′
1 + s(2
n, 2m − k − 2m−2)L
′
2)
= v2(2s(2
n, 2m−2)s(2n, 2m − k − 2m−2))
= v2(s(2
n, 2m−2)) + v2(s(2
n, 2m − k − 2m−2)) + 1. (3.22)
Also, by (3.18), one has
v2(gk(2
m−2)) = v2(s(2
n, 2m−2)s2n(2
n, 2m − k − 2m−2))
= v2(s(2
n, 2m−2)) + v2(s(2
n, 2m − k − 2m−2)), (3.23)
and by (3.20), we have
v2(gk(2
m − k − 2m−2)) = v2(s(2
n, 2m − k − 2m−2)s2n(2
n, 2m−2))
= v2(s(2
n, 2m−2)) + v2(s(2
n, 2m − k − 2m−2)). (3.24)
Noticing that 2 ≤ k − 2m−2 ≤ 2m−2 − 2, then the inductive hypothesis tells that
v2(s(2
n, 2m−2)) = v2(s(2
n, 2m−1 − 2m−2)) = 2n − 2m−1 − (n−m+ 1)2m−2 (3.25)
and
v2(s(2
n, 2m − k − 2m−2)) = v2(s(2
n, 2m−1 − (k − 2m−2)))
= 2n − 2m−1 − (n−m+ 1)(2m−1 − (k − 2m−2)) +m− 2− v2(k). (3.26)
So by (3.22) to (3.26) one obtains that
v2(gk(2
m−2)) = v2(gk(2
m − k − 2m−2))
= 2n+1 − 2m − (n−m+ 1)(2m − k) +m− 2− v2(k) =Wm,k − 1 (3.27)
and
v2(S1) = 2
n+1 − 2m − (n−m+ 1)(2m − k) +m− 2− v2(k) + 1 = Wm,k
as expected. Thus claim (I) holds when 2m−2 + 2 ≤ k ≤ 2m−1 − 2 with 4 ≤ m ≤ n+ 1.
If k = 2m−1, then A = {2m−2} and S1 = g2m−1(2
m−2) = s(2n, 2m−2)s2n(2
n, 2m−2).
By (3.17), (3.21), (3.25) and the isosceles triangle principle, also noticing that Wm,k =
Wm,2m−1 = 2
n+1 − 2m − (n−m+ 1)2m−1, we derive that
v2(S1) = v2(g2m−1(2
m−2)) = v2(s(2
n, 2m−2)2 + s(2n, 2m−2)L
′
2)
= 2v2(s(2
n, 2m−2)) = 2n+1 − 2m − (n−m+ 1)2m−1 = Wm,k (3.28)
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as one desires. This concludes the proof of claim (I).
The identities (3.12), (3.13), (3.27) and (3.28) also tell us that
v2(gk(i)) ≥Wm,k − 1 (3.29)
holds for all integers i ∈ A.
Proof of claim (II). Let i ∈ B. If i > 2n or 2m − k − i > 2n, then it is clear that
gk(i) = s(2
n, i)s2n(2
n, 2m − k − i) = 0. Therefore S2 can be rewritten as
S2 =
∑
i∈B˜
gk(i),
where B˜ = B ∩ [2m − k − 2n, 2n]. Note that B is nonempty (since 2m − k ∈ B). So if B˜
is empty then S2 = 0, thus claim (II) follows.
Now assume that B˜ is nonempty. Then one can divide B˜ into the disjoint union:
B˜ = B1 ∪B2 ∪B3 ∪B4,
where
B1 :=
[
2, 2m−1 −
k
2
)
∩ B˜, B2 := (2
m−1 −
k
2
, 2m − k) ∩ B˜,
B3 :=
{
2m−1 −
k
2
}
∩ B˜, B4 := {2
m − k} ∩ B˜.
At least one of B1, B2, B3 and B4 is nonempty. So
S2 =
4∑
j=1
∑
i∈Bj
gk(i). (3.30)
First, we handle B3. Suppose that B3 is nonempty. Then for i ∈ B3, we show that
v2(gk(i)) ≥Wm,k + 1. (3.31)
Since i ∈ B3, one has i = 2
m−1 − k2 and so i = 2
m − k − i. We must have k 6= 2m−1.
Otherwise, k = 2m−1 implies that i = 2m−2 which contradicts with the definition of B
when k = 2m−1. This concludes that 2 ≤ k ≤ 2m−1 − 2. It infers that v2(k) ≤ m − 2.
Since 2 ≤ 2m−1 − k2 ≤ 2
n − 2 and noticing that k2 is even, by the inductive hypothesis
and Lemma 2.4, one gets that
v2(s2n(2
n, 2m − k − i)) = v2
(
s2n
(
2n, 2m−1 −
k
2
))
= v2
(
s
(
2n, 2m−1 −
k
2
))
(3.32)
and
v2(s(2
n, i)) = v2
(
s
(
2n, 2m−1 −
k
2
))
= 2n − 2m−1 − (n−m+ 1)
(
2m−1 −
k
2
)
+m− 2− v2
(k
2
)
. (3.33)
Hence by (3.32) and (3.33), one obtains that
v2(gk(i))−Wm,k = v2(s(2
n, i)s2n(2
n, 2m − k − i))−Wm,k
= 2v2
(
s
(
2n, 2m−1 −
k
2
))
−Wm,k
= m− 1− v2(k) ≥ 1. (3.34)
Then (3.31) follows immediately. Thus (3.31) holds when i ∈ B3.
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Now we show that if B4 is nonempty, then (3.31) also holds when i ∈ B4. Let i ∈ B4.
Then i = 2m − k and
v2(s2n(2
n, 2m − k − i)) = v2(s2n(2
n, 0)) = v2
( (2n+1 − 1)!
(2n − 1)!
)
= 2n − 1. (3.35)
If i = 2m − k = 2n, then by 3 ≤ m ≤ n + 1 and 2 ≤ k ≤ 2m−1, we get that m = n + 1
and k = 2n. Since s(2n, i) = s(2n, 2n) = 1, n ≥ 2 and Wm,k = Wn+1,2n = 0, one has
v2(gk(i)) = v2(s(2
n, i)s2n(2
n, 2m − k − i)) = 2n − 1 ≥ 3 = Wm,k + 3 (3.36)
as (3.31) expected. If 2 ≤ 2m − k ≤ 2n − 2, then replacing m − 1 by m and k2 by k in
(3.33) together with (3.35), one arrives at
v2(gk(i))−Wm,k = v2(s(2
n, i)s2n(2
n, 2m − k − i))−Wm,k = 2
m − k − 1 ≥ 1. (3.37)
Hence (3.31) is true when i ∈ B4.
Consequently, assume that B1 is nonempty. Then B2 is nonempty too. Actually, since
B1 is nonempty, one picks i ∈ B1. Then it is easy to see that 2
m − k − i ∈ B2. So B2 is
nonempty. Furthermore, it is clear that #B1 = #B2. We define a map
τ : B1 → B2
by τ(i) := 2m − k − i for any i ∈ B1. Evidently, τ(2
m − k − j) = j for any j ∈ B2. That
is, τ is injective. So τ is a bijective map from B1 to B2. It then follows that∑
i∈B1
gk(i) +
∑
i∈B2
gk(i) =
∑
i∈B1
gk(i) +
∑
i∈B1
gk(τ(i)) =
∑
i∈B1
(gk(i) + gk(2
m − k − i)).
(3.38)
On the other hand, for any i ∈ B1 one has 2 ≤ i ≤ 2
m−1 − k2 − 1 ≤ 2
n − 2 and
2m−k− i ∈ B2, it infers that 4 ≤ 2
m−1− k2 +1 ≤ 2
m−k− i ≤ 2n. Thus by the induction
assumption and Lemma 2.4, one deduces that
v2(gk(i)) = v2(s(2
n, i)) + v2(s2n(2
n, 2m − k − i)) = v2(s(2
n, i)) + v2(s(2
n, 2m − k − i))
and
v2(gk(2
m − k − i)) = v2(s(2
n, 2m − k − i)) + v2(s2n(2
n, i))
= v2(s(2
n, 2m − k − i)) + v2(s(2
n, i)).
Hence
v2(gk(i)) = v2(gk(2
m − k − i)). (3.39)
So for any i ∈ B1, if we can show that
v2(gk(i)) ≥Wm,k, (3.40)
then (3.39) together with (3.40) implies that
v2(gk(i) + gk(2
m − k − i)) ≥ v2(gk(i)) + 1 ≥Wm,k + 1. (3.41)
Thus it follows from (3.30), (3.31), (3.38) and (3.41) that
v2(S2) = v2(
∑
i∈B1
(gk(i) + gk(2
m − k − i)) +
∑
i∈B3
gk(i) +
∑
i∈B4
gk(i))
≥ min{min
i∈B1
{v2(gk(i) + gk(2
m − k − i))},Wm,k + 1}
≥Wm,k + 1 (3.42)
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as claim (II) desired. Also, by (3.31), (3.39) and (3.40), one can conclude that v2(gk(i)) ≥
Wm,k is still true for all integers i ∈ B˜. So to finish the proof of claim (II), it remains to
show that (3.40) is true for any i ∈ B1. This will be done in what follows.
Let i ∈ B1. Then we can write i = 2
l1 − j1 and 2
m − k− i = 2l2 − j2, where (l1, j1) ∈
Tm−1 and (l2, j2) ∈ Tm with both of j1 and j2 being even. Notice that 2
m − k − i ∈ B2,
and so l2 ≥ m− 1 ≥ l1. Hence l2 ∈ {m− 1,m}. Also, we have
2m − k = 2l1 − j1 + 2
l2 − j2. (3.43)
Since 2 ≤ k ≤ 2m−1, 2 ≤ j1 ≤ 2
l1−1 and 2 ≤ j2 ≤ 2
l2−1, by (3.43) one then derives that
v2(k)− v2(j1)− v2(j2) = v2(2
m − k)− v2(j1)− v2(j2)
= v2(2
l1 − j1 + 2
l2 − j2)− v2(j1)− v2(j2)
≥ min{v2(2
l1 − j1), v2(2
l2 − j2)} − v2(j1)− v2(j2)
= min{v2(j1), v2(j2)} − v2(j1)− v2(j2)
= min{−v2(j1),−v2(j2)}
= −max{v2(j1), v2(j2)}. (3.44)
Moreover, it follows from 2 ≤ l1 ≤ m− 1 ≤ n and the induction assumption that
v2(s(2
n, i)) = v2(s(2
n, 2l1 − j1) = 2
n − 2l1 − (n− l1)(2
l1 − j1) + l1 − 1− v2(j1). (3.45)
Consider the following two cases.
Case 1. l2 = n + 1. Then one gets that l2 = m = n + 1 since l2 ≤ m ≤ n + 1.
But 2m − k − i ∈ B2 tells us that 2
m − k − i = 2l2 − j2 = 2
n+1 − j2 ≤ 2
n. So by
2 ≤ j2 ≤ 2
l2−1 = 2n, one derives that j2 = 2
n. Thus 2m − k − i = 2n+1 − 2n = 2n and
so i = 2m − k − 2n = 2n − k = 2m−1 − k. It implies that 2 + 2m−2 ≤ k ≤ 2m−1 − 2
since i > 0 and i 6= 2m−1 − k when 2 ≤ k ≤ 2m−2. Hence 2 ≤ i ≤ 2m−2 − 2 = 2n−1 − 2,
which infers that l1 ≤ n − 1. Then by (3.45) together with the fact that s(2
n, 2n) = 1
and noticing that Wm,k = Wn+1,k = n− v2(k), we deduce that
v2(gk(i))−Wm,k = v2(s(2
n, i)) + v2(s(2
n, 2m − k − i))−Wm,k = v2(s(2
n, i))−Wm,k
= 2n + (l1 − n− 1)2
l1 + (j1 − 1)(n− l1)− 1 + v2(k)− v2(j1)
≥ 2n + (l1 − n− 1)2
l1 + n− l1 − 1
= 2n + (l1 − n− 1)(2
l1 − 1)− 2 := Dl1 (3.46)
since 2 ≤ j1 ≤ 2
l1−1 ≤ 2n−2 and i = 2l1 − j1 = 2
n − k implying that v2(k) = v2(j1).
Now we show that Dl1 ≥ 0, then (3.40) follows immediately. For this purpose, we
introduce an auxiliary function ht(x) := (x−t)(2
x−1). Then h′t(x) = 2
x(1−(t−x) ln 2)−
1, and so h′t(x) < 0 for x ≤ t− 2. Thus ht(x) is decreasing when x ≤ t− 2. It infers that
Dl1 = 2
n + hn+1(l1)− 2 ≥ 2
n + hn+1(n− 1)− 2 = 0
since 2 ≤ l1 ≤ n− 1. Hence (3.40) is proved in this case.
Case 2. 2 ≤ l2 ≤ n. Since j2 is even, by the induction assumption, one has
v2(s(2
n, 2m − k − i)) = v2(s(2
n, 2l2 − j2))
= 2n − 2l2 − (n− l2)(2
l2 − j2) + l2 − 1− v2(j2). (3.47)
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By (3.43), (3.45) and (3.47), one obtains that
v2(gk(i))−Wm,k = v2(s(2
n, i)) + v2(s(2
n, 2m − k − i))−Wm,k
= 2m + (l1 −m)2
l1 + (l2 −m)2
l2 + j1(m− l1 − 1) + j2(m− l2 − 1)
+ l1 + l2 −m− 1 + v2(k)− v2(j1)− v2(j2) := Dl1,l2 . (3.48)
In what follows, we show that Dl1,l2 ≥ 0, which concludes the proof of (3.40). Since
l2 ∈ {m− 1,m}, we divide this into following two subcases.
Case 2.1. l2 = m − 1. Then one has i = 2
l1 − j1 with 2 ≤ j1 ≤ 2
l1−1 ≤ 2m−2 and
2m − k − i = 2m−1 − j2 with 2 ≤ j2 ≤ 2
m−2. Since 2 ≤ l1 ≤ m− 1, if we can show that
max{v2(j1), v2(j2)} ≤ m− 3, (3.49)
then by (3.49) together with (3.48) and (3.44), one can deduce that
Dl1,l2 = Dl1,m−1
= 2m−1 + (l1 −m)2
l1 + j1(m− l1 − 1) + l1 − 2 + v2(k)− v2(j1)− v2(j2)
≥ 2m−1 + (l1 −m)2
l1 + 2(m− l1 − 1) + l1 − 2−max{v2(j1), v2(j2)}
= 2m−1 + (l1 −m)(2
l1 − 1)− 1
≥ 2m−1 − (2m−1 − 1)− 1
= 0
as desired. Since 2 ≤ j1 ≤ 2
m−2 and 2 ≤ j2 ≤ 2
m−2, in oder to prove that (3.49) holds,
it suffices to show that j1 6= 2
m−2 and j2 6= 2
m−2. This will be done in what follows.
If 2 ≤ k ≤ 2m−2, then we must have l1 = m− 1. Otherwise, one has 2 ≤ l1 ≤ m− 2,
from which and (3.43) follows that
2m − k ≤ 2m−2 − 2 + 2m−1 − 2 = 2m−1 + 2m−2 − 4 ≤ 2m − k − 4.
This is a contradiction. So l1 = m − 1. By (3.43), one then gets that j1 + j2 = k. It
infers that j1 6= 2
m−2 and j2 6= 2
m−2 since j1 ≥ 2 and j2 ≥ 2. Hence (3.49) follows.
If 2 + 2m−2 ≤ k ≤ 2m−1, then by the definition of B1, one has i 6= 2
m−2 and
2m − k − i = 2m−1 − j2 6= 2
m−2. Thus j2 6= 2
m−2. Since 2 ≤ j1 ≤ 2
l1−1 ≤ 2m−2, one
gets that l1 = m− 1 when j2 = 2
m−2, and so i = 2l1 − j1 = 2
m−1 − 2m−2 = 2m−2. But
i 6= 2m−2. Hence j1 6= 2
m−2. We then conclude that (3.49) is true.
Therefore, Dl1,l2 ≥ 0 is proved in this case.
Case 2.2. l2 = m. By (3.44) one obtains that
v2(k)− v2(j1)− v2(j2) ≥ −max{v2(j1), v2(j2)} ≥ −(m− 1) (3.50)
since 2 ≤ j1 ≤ 2
l1−1 ≤ 2m−2 and 2 ≤ j2 ≤ 2
l2−1 = 2m−1.
If l1 = m− 1, then it follows from (3.43) that k = j1 + j2 − 2
m−1 ≤ 2m−2. This infers
that 2m−k− i = 2m−j2 6= 2
m−1, and so j2 6= 2
m−1. Hence 2 ≤ j2 ≤ 2
m−1−2. Together
with (3.48) and (3.50), one then arrives at
Dl1,l2 = Dm−1,m = 2
m−1 − j2 +m− 2 + v2(k)− v2(j1)− v2(j2)
≥ 2m−1 − (2m−1 − 2) +m− 2− (m− 1) = 1.
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If 2 ≤ l1 ≤ m− 2, then by (3.48), (3.50), j1 ≥ 2 and j2 ≤ 2
m−1, we derive that
Dl1,l2 = Dl1,m
= 2m + (l1 −m)2
l1 + j1(m− l1 − 1)− j2 + l1 − 1 + v2(k)− v2(j1)− v2(j2)
≥ 2m + (l1 −m)2
l1 + 2(m− l1 − 1)− 2
m−1 + l1 − 1− (m− 1)
= 2m−1 + (l1 −m)(2
l1 − 1)− 2
≥ 2m−1 − 2(2m−2 − 1)− 2
= 0
as expected. Hence Dl1,l2 ≥ 0 is proved. Thus (3.40) holds for any i ∈ B1.
This completes the proof of claim (II).
Proof of claim (III). Let i ∈ C. If i > 2n or 2m − k − i > 2n, then gk(i) =
s(2n, i)s2n(2
n, 2m− k− i) = 0. Since k is even and C contains only odd integers, we can
rewrite S3 as:
S3 =
∑
i∈C˜
gk(i),
where C˜ := C ∩ [2m − k − 2n, 2n] = C ∩ [2m − k − 2n + 1, 2n − 1].
Since 2m−1 − k + 1 ∈ C˜, C˜ is nonempty. Now let i ∈ C˜. We will show that the
following inequality holds:
v2(gk(i)) ≥Wm,k + 1. (3.51)
It then follows that
v2(S3) = v2
(∑
i∈C˜
gk(i)
)
≥ min
i∈C˜
{v2(gk(i))} ≥Wm,k + 1
as claim (III) asserted. So to finish the proof of claim (III), it is enough to prove the truth
of (3.51). To do so, we first let i = 1. Since i ∈ C˜ is odd, we have 2m−k−2n+1 ≤ 1, from
which one can deduce that 1 ≤ 2m − k − 1 ≤ 2n − 1. Thus by the induction assumption
and Lemma 2.4, we get that
v2(s2n(2
n, 2m − k − i)) = v2(s2n(2
n, 2m − k − 1)) = v2(s(2
n, 2m − k − 1))
= 2n − 2m − (n−m)(2m − k) +m+ n− 2− v2(k). (3.52)
But
v2(s(2
n, i)) = v2(s(2
n, 1)) = v2((2
n − 1)!) = 2n − n− 1. (3.53)
So together with the hypothesis k ≤ 2m−1 and m ≥ 3, (3.52) and (3.53) tells us that
v2(gk(i))−Wm,k = v2(s(2
n, i)) + v2(s2n(2
n, 2m − k − i))−Wm,k
= 2m − k − 2 ≥ 2m−1 − 2 ≥ 2
as (3.51) desired. So (3.51) is true when i = 1.
Now let 3 ≤ i ≤ 2n − 1. We claim that
v2(s(2
n, i+ 1)) ≥ v2(s(2
n, i− 1))− 2n+ 4. (3.54)
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Evidently, for i ∈ C˜ with i ≥ 3, one has 2m−k−i ∈ C˜ that infers that 2 ≤ 2m−k−(i−1) ≤
2n. Then it follows from the inductive hypothesis, Lemma 2.4 and claim (3.54) that
v2(gk(i)) = v2(s(2
n, i)) + v2(s2n(2
n, 2m − k − i))
= v2(s(2
n, i)) + v2(s(2
n, 2m − k − i))
= v2(s(2
n, i+ 1)) + n− 1 + v2(s(2
n, 2m − k − i+ 1)) + n− 1
≥ v2(s(2
n, i− 1)) + v2(s(2
n, 2m − k − (i− 1))) + 2
= v2(s(2
n, i− 1)) + v2(s2n(2
n, 2m − k − (i− 1))) + 2
= v2(gk(i− 1)) + 2. (3.55)
However, i− 1 is even and max{2, 2m− k− 2n} ≤ i− 1 ≤ min{2m− k− 2, 2n− 2} since
i ∈ C˜. Hence i − 1 ∈ A ∪ B1 ∪ B2 ∪ B3. By the proof of claims (I) and (II), we know
that v2(gk(j)) ≥Wm,k − 1 if j ∈ A and v2(gk(j)) ≥Wm,k if j ∈ B1 ∪B2 ∪B3. Thus
v2(gk(i− 1)) ≥Wm,k − 1.
Together with (3.55) one then arrives at the expected inequality (3.51).
So to finish the proof of (3.51), it remains to show that claim (3.54) is true. This will
be done in what follows. First, if i = 2n − 1, then v2(s(2
n, i + 1)) = v2(s(2
n, 2n)) = 0.
By the inductive hypothesis one has v2(s(2
n, i − 1)) = v2(s(2
n, 2n − 2)) = n − 2. Since
n ≥ 2, one arrives at
v2(s(2
n, i+ 1))− v2(s(2
n, i− 1)) = −n+ 2 = n− 2− 2n+ 4 ≥ −2n+ 4
as (3.54) claimed.
Now suppose that 3 ≤ i ≤ 2n − 3. Then 4 ≤ i + 1 ≤ 2n − 2. Since i + 1 is even, one
may let i + 1 = 2l − j with (l, j) ∈ Tn and j being even. By the induction assumption
one obtains that
v2(s(2
n, i+ 1)) = v2(s(2
n, 2l − j)) = 2n − 2l − (n− l)(2l − j) + l − 1− v2(j). (3.56)
Also, one has i − 1 = 2l − (j + 2). If j + 2 ≤ 2l−1, then 2 ≤ j ≤ 2l−1 − 2 with l ≥ 3. So
v2(j) ≤ l − 2. Again, by the induction assumption, one gets that
v2(s(2
n, i− 1)) = v2(s(2
n, 2l − (j + 2)))
= 2n − 2l − (n− l)(2l − (j + 2)) + l − 1− v2(j + 2). (3.57)
Then it follows from (3.56), (3.57), 1 ≤ v2(j) ≤ l − 2 and l ≥ 3 that
v2(s(2
n, i+ 1))− v2(s(2
n, i− 1)) = −2(n− l) + v2(j + 2)− v2(j)
≥ −2(n− l)− (l − 2) + 1 = −2n+ l + 3 ≥ −2n+ 6.
On the other hand, if j + 2 ≥ 2l−1 + 2, then one can deduce that j = 2l−1 since
(l, j) ∈ Tn together with the fact that j being even implies that j ≤ 2
l−1. So i+1 = 2l−1
and i− 1 = 2l−1 − 2. But i+ 1 ≥ 4, so l ≥ 3. Thus by the inductive hypothesis, one has
v2(s(2
n, i+ 1)) = v2(s(2
n, 2l − 2l−1)) = 2n − 2l − (n− l)2l−1 (3.58)
and
v2(s(2
n, i− 1)) = v2(s(2
n, 2l−1 − 2)) = 2n − 2l−1 − (n− l + 1)(2l−1 − 2) + l − 3.
(3.59)
Since l ≥ 3, putting (3.58) and (3.59) together gives us that
v2(s(2
n, i+ 1))− v2(s(2
n, i− 1)) = −2n+ l + 1 ≥ −2n+ 4
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as claim (3.54) asserted. This finishes the proof of claim (3.54). Hence inequality (3.51)
is proved. Thus the proof of claim (III) is complete.
This concludes the proof of Theorem 1.1. ✷
4. Proof of Theorem 1.2
We show the truth of Theorem 1.2 in this section.
Proof of Theorem 1.2. If n = 1, then k ∈ {1, 2}. But s(3, 2) = 3 and s(2, 1) = s(3, 3) =
s(2, 2) = 1. So Theorem 1.4 is true when n = 1. In the following, we let n ≥ 2.
By the recurrence relation for the Stirling numbers of the first kind, we know that
s(2n + 1, k + 1) = 2ns(2n, k + 1) + s(2n, k). (4.1)
Thus for any integer k with 1 ≤ k ≤ 2n, if we can show that
v2(s(2
n, k + 1)) > v2(s(2
n, k))− n, (4.2)
then using the isosceles triangle principle together with (4.1), one can arrive at
v2(s(2
n + 1, k + 1)) = v2(2
ns(2n, k + 1) + s(2n, k)) = v2(s(2
n, k))
as (1.4) desired. Therefore, to finish the proof of Theorem 1.2, it suffices to show the
truth of (4.2). Since v2(s(2
n, 2n− 1)) = n− 1, v2(s(2
n, 2n− 2)) = n− 2, s(2n, 2n+1) = 0
and s(2n, 2n) = 1, (4.2) is obviously true when k ∈ {2n − 2, 2n − 1, 2n}. So in what
follows, we let 1 ≤ k ≤ 2n − 3.
If k is odd, then by Theorem 1.1 and Lemma 2.5, one can deduce that
v2(s(2
n, k)) = v2(s(2
n, k + 1)) + n− 1,
which implies that (4.2) holds when k is odd.
If k is even, then k + 1 is odd, and so
v2(s(2
n, k + 1)) = v2(s(2
n, k + 2)) + n− 1.
But with i replaced by k + 1 in claim (3.54) gives us that
v2(s(2
n, k + 2)) ≥ v2(s(2
n, k))− 2n+ 4.
Hence v2(s(2
n, k + 1)) ≥ v2(s(2
n, k))− n+ 3. Thus (4.2) is true when k is even.
This finishes the proof of Theorem 1.2. ✷
5. Proofs of Corollaries 1.4 and 1.5
This section is dedicated to the proofs of Corollaries 1.4 and 1.5. We begin with the
proof of Corollary 1.4.
Proof of Corollary 1.4. If n = 1, then k = 1 or k = 2. Since s(2, 1) = s(2, 2) = 1, (1.7) is
true when n = 1. Now let n ≥ 2. Then
v2(s(2
n, 1))− v2(s(2
n, 2n)) = 2n − n− 1 ≥ 1
and
v2(s(2
n, 1))− v2(s(2
n, 2n − 1)) = 2n − n− 1− (n− 1) = 2n − 2n ≥ 0.
So (1.7) is proved when k = 2n and k = 2n − 1.
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If 1 ≤ k ≤ 2n − 2, then let k = 2l − j with (l, j) ∈ Tn. By (1.3) one obtains that
v2(s(2
n, 1))− v2(s(2
n, k)) = v2(s(2
n, 1))− v2(s(2
n, 2l − j))
= 2l + (n− l)
(
2l − 2
⌊ j
2
⌋)
− n− l + 1+ v2
(⌊ j
2
⌋)
− (n− 1)ǫj := Dj, (5.1)
where ǫj = 0 if j is even, and ǫj = 1 if j is odd. Consider the following two cases.
For the case that j is even, one has 2 ≤ j ≤ 2l−1. Since 2 ≤ l ≤ n, by (5.1) we have
Dj = 2
l + (n− l)(2l − j)− n− l + v2(j)
= (n− l)(2l − j − 1) + 2l − 2l+ v2(j)
≥ (n− l)(2l−1 − 1) + 2l − 2l + 1
≥ 1,
the last inequality is due to the reason that 2l − 2l is increasing when l ≥ 2.
For the case that j is odd, one gets that 3 ≤ j ≤ 2l−1 + 1 and ⌊ j2⌋ =
j−1
2 . Again, by
2 ≤ l ≤ n and (5.1) we derive that
Dj = 2
l + (n− l)(2l − j + 1)− n− l + v2(j − 1)− (n− 1)
= (n− l)(2l − j − 1) + 2l − 3l+ v2(j − 1) + 1
≥ (n− l)(2l−1 − 2) + 2l − 3l + 2
≥ 2l − 3l + 2
≥ 0.
Now one can conclude that Dj ≥ 0. Hence v2(s(2
n, k)) ≤ v2(s(2
n, 1)). Therefore (1.7) is
true when 1 ≤ k ≤ 2n − 2.
This completes the proof of Corollary 1.4. ✷
Finally, we present the proof of Corollary 1.5 as the conclusion of this paper.
Proof of Corollary 1.5. Let n and k be positive integers such that k ≤ 2n. By (1.1) we
know that
H(2n, k) =
s(2n + 1, k + 1)
(2n)!
. (5.2)
Then by (5.2) and Theorem 1.2 together with Corollary 1.4, one deduces that
v2(H(2
n, k)) = v2(s(2
n + 1, k + 1))− v2((2
n)!)
= v2(s(2
n, k))− v2((2
n)!)
≤ v2(s(2
n, 1))− v2((2
n)!)
= v2(s(2
n + 1, 2))− v2((2
n)!)
= v2(H(2
n, 1))
= −n
as (1.8) expected, the last step is because v2(
1
k
) ≥ −n+1 for all integers k with 1 ≤ k ≤
2n − 1 and v2(
1
2n ) = −n.
This concludes the proof of Corollary 1.5. ✷
THE 2-ADIC VALUATIONS OF STIRLING NUMBERS OF THE FIRST KIND 23
References
1. V. Adamchik, On Stirling numbers and Euler sums, J. Comput. Appl. Math. 79 (1997), 119-130.
2. A. Adelberg, The p-adic analysis of Stirling numbers via higher order Bernoulli numbers, Int. J.
Number Theory 14 (2018), 2767-2779.
3. T. Amdeberhan, D. Manna and V. Moll, The 2-adic valuation of Stirling numbers, Experimental
Math. 17 (2008), 69-82.
4. Y.G. Chen and M. Tang, On the elementary symmetric functions of 1, 1/2, ..., 1/n, Amer. Math.
Monthly 119 (2012), 862-867.
5. F. Clarke, Hensel’s lemma and the divisibility by primes of Stirling-like numbers, J. Number Theory
52 (1995), 69-84.
6. L. Comtet, Advanced Combinatorics: The Art of Finite and Infinite Expansions, Revised and En-
larged Edition, D. Reidel Publishing Co., Dordrecht and Boston, 1974.
7. D.M. Davis, Divisibility by 2 of Stirling-like numbers, Proc. Amer. Math. Soc. 110 (1990), 597-600.
8. P. Erdo˝s and I. Niven, Some properties of partial sums of the harmonic series, Bull. Amer. Math
Soc. 52 (1946), 248-251.
9. S.F. Hong and C.L. Wang, The elementary symmetric functions of reciprocal arithmetic progressions,
Acta Math. Hungari. 144 (2014), 196-211.
10. S.F. Hong, J. Zhao and W. Zhao, The 2-adic valuations of Stirling numbers of the second kind, Int.
J. Number Theory 8 (2012), 1057-1066.
11. N. Koblitz, p-Adic numbers, p-adic analysis and zeta-functions, 2nd ed., GTM 58, Springer-Verlag,
New York, 1984.
12. T. Komatsu and P. Young, Exact p-adic valuations of Stirling numbers of the first kind, J. Number
Theory 177 (2017), 20-27.
13. T. Lengyel, On the divisibility by 2 of Stirling numbers of the second kind, Fibonacci Quart. 32
(1994), 194-201.
14. T. Lengyel, On the 2-adic order of Stirling numbers of the second kind and their differences, DMTCS
Proc. AK (2009), 561-572.
15. T. Lengyel, Alternative proofs on the 2-adic order of Stirling numbers of the second kind, Integers
10 (2010), 453-463.
16. T. Lengyel, On p-adic properties of the Stirling numbers of the first kind, J. Number Theory 148
(2015), 73-94.
17. P. Leonetti and C. Sanna, On the p-adic valuation of Stirling numbers of the first kind, Acta. Math.
Hungar 151 (2017), 217-231.
18. A.T. Lundell, A divisibility property for Stirling numbers, J. Number Theory 10 (1978), 35-54.
19. Y.Y. Luo, S.F. Hong, G.Y. Qian and C.L. Wang, The elementary symmetric functions of a reciprocal
polynomial sequence, C.R. Acad. Sci. Paris, Ser. I 352 (2014), 269-272.
20. T. Nagell, Eine Eigenschaft gewissen Summen, Skr. Norske Vid. Akad. Kristiania 13 (1923), 10-15.
21. L. Theisinger, Bemerkung u¨ber die harmonische Reihe, Monatsh. Math. Phys. 26 (1915), 132-134.
22. C.L. Wang and S.F. Hong, On the integrality of the elementary symmetric functions of 1, 1/3, ...,
1/(2n − 1), Math. Slovaca 65 (2015), 957-962.
23. S. D. Wannermacker, On 2-adic orders of Stirling numbers of the second kind, Integers 5 (2005),
A21.
24. J.R. Zhao, S.F. Hong and W. Zhao, Divisibility by 2 of Stirling numbers of the second kind and
their differences, J. Number Theory 140 (2014), 324-348.
25. W. Zhao, J.R. Zhao and S.F. Hong, The 2-adic valuations of differences of Stirling numbers of the
second kind, J. Number Theory 153 (2015), 309-320.
Mathematical College, Sichuan University, Chengdu 610064, P.R. China
E-mail address: qiumin126@126.com
Mathematical College, Sichuan University, Chengdu 610064, P.R. China
E-mail address: sfhong@scu.edu.cn; s-f.hong@tom.com; hongsf02@yahoo.com
